The thermodynamic mixing properties of a binary ͑A x B 1−x ͒R solid solution are evaluated from the enthalpies of supercell structures A m−2 B 2 R m and B m−2 A 2 R m , where m is the number of the exchangeable sites in the supercell. The excess enthalpies of these structures are converted into concentration-dependent pairwise effective cluster interactions J n , i.e., the enthalpies of the intracrystalline reactions AA+ BB 2AB acting at the n-neighbor distance within the supercell. The pairwise interactions calculated in this way for all possible distances within 3 ϫ 3 ϫ 1 supercells of R3c calcite and magnesite ͑m =54͒ are combined to form an effective Ising-type Hamiltonian from which temperature-dependent enthalpies, entropies, and free energies of mixing are evaluated with the Monte Carlo method. The calculated phase diagram with two miscibility gaps separated by a field of stability of the R3 dolomite phase is in good agreement with available experimental data, thereby showing that the existence of the intermediate ordered compound can be predicted from the analysis of the supercell structures whose compositions approach the diluted limits.
I. INTRODUCTION
Modern approaches to modeling of solid solutions rely on the assumption that the thermodynamic effects of mixing and ordering can be predicted by studying the excess enthalpies of supercell structures with differently arranged exchangeable atoms. To reflect the most important ordering interactions, the supercell should be sufficiently large. This brings about the necessity of permuting a huge number of possible configurational states. Since only a limited set of such states can practically be tested, the simulation procedures employ interpolation methods which permit the excess enthalpy of a supercell with any configuration of the exchangeable atoms to be expressed through the enthalpies of a few explicitly sampled structures. In the method of the cluster expansion [1] [2] [3] this is achieved via the calculation of the effective cluster interactions ͑ECIs͒-the locally defined energetic parameters, which after scaling by occurrence frequencies of the clusters give the value of the excess enthalpy. The ECIs can be calculated from the enthalpies of the sampled structures by solving a system of linear equations, provided that these structures correspond to different arrangements of the exchangeable atoms within the supercell.
The next important task of the simulation procedure is to extrapolate the excess properties of the supercell to a hypercell, i.e., a supercell whose properties approach that of an infinitely large system. This is achieved by expanding the supercell size so that several thousands of the exchangeable sites are included. The important condition for this extrapolation is that the ECIs converge fast with the increase in the separation between the points included in the clusters. This ensures that the hypercell has the same ground states as the supercell. Since the enthalpy of any possible configuration within the hypercell can be quickly calculated as a function of the ECIs and the cluster occurrence frequencies, the thermal averages of any relevant thermodynamic function can be obtained with a Monte Carlo algorithm.
In recent years this methodology has been applied to a large number of solid solutions, such as alloys, minerals, and ceramics. Different symmetries and chemical compositions of the studied materials dictated the use of different strategies of selecting the structures within the supercell which are to be included in the cluster expansion. In the studies of alloys and other solid solutions which crystallize in highsymmetry structures, such as fcc or bcc, 1,4-12 the sampled structures were often selected in analogy with ordered phases which typically appear as ground states in experimentally studied alloys. Using these structures is very convenient because true ground states are likely to be included in the basis set and thus the model is bound to be correct at least in the low-temperature limit. High symmetry of the basis structures and their relatively small size unit cells make the task of the enthalpy calculation tractable with ab initio methods. The development of the ATAT package 13 has permitted optimization of the selection of the basic clusters so that the best performance of the cluster expansion is achieved with minimum sizes of supercell structures.
On the other hand, in studies of minerals one is generally confronted with low-symmetry structures. The structural complexity and diversity of these materials prohibits a straightforward enumeration of possible ordered states. In contrast to alloys, where the unit cell is composed of the exchangeable atoms solely, minerals often contain extra "inactive" elements, e.g., O, Si, Al, and C, which increase the system size. Typically one is concerned with ordering and mixing of cations of different metals which rest within an "inert" matrix built by anion complexes such as SiO 4 4− , AlO 6 9− , or CO 14 In such a case the approach based on ordered structures offers little advantage because the ordering affects just a small part of the structure and cannot significantly reduce the supercell size. At the same time, when interactions between exchangeable atoms in minerals are mediated by the "extra" elements, the role of many-body cluster interactions is likely to be small. The majority of the recent studies concerned with order/disorder and mixing phenomena in minerals [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] have therefore considered pairwise ECIs only. Since in large supercells a large number of different pair ECIs can be included in the expansion, it was usually possible to achieve reasonably accurate fits to the excess enthalpies of the sampled structures. Most of the abovementioned studies were based on force-field models, while the sets of the basis structures were generated randomly. A typical study considered a few hundred structures of different compositions within a supercell containing 20-40 exchangeable sites.
This approach has two main drawbacks. First, the random choice of the basis structures introduces arbitrariness, as a different set of randomly selected structures will result in a different set of ECIs. Second, the use of hundreds of such structures does not allow consideration of ab initio calculations as a plausible alternative.
To overcome the difficulty of applying first-principles calculations in low-symmetry cases, here we employ a fully deterministic method which is based on the notion that the pairwise interactions in diluted limits can be evaluated from the excess enthalpies of supercell structures prepared from pure end members by substituting pairs of the exchangeable atoms with atoms of the other sort. The number of the required structures is limited to the number of crystallographically different pairs within the supercell. This method has been widely used in materials science to simulate defectdefect interactions in metals. [25] [26] [27] Here we show that it can be applied to simulate mixing and ordering in an isostructural solid solution, provided that certain conditions are fulfilled.
Although future applications will very likely be based on first-principles calculations, here we illustrate the method using a force-field model 28 which has been already successfully applied to simulate phase relations in the rhombohedral carbonates. 23 It has been shown 23 that the excess energies of various supercell structures in the calcite-magnesite system calculated with the potentials of Austen et al. 28 correlate linearly with the excess energies of the same structures calculated with a density-functional theory ͑DFT͒ based model. 10 The choice in favor of the force-field model allows comparison of the results with those obtained with the random sampling strategy.
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II. EXPANSION OF THE EXCESS ENTHALPY
The configurational energy of an ͑A,B͒R solid solution can be associated with interactions between the exchangeable ͑A,B͒ atoms only, while the interactions of A and B with the remainder of the structure R cancel out when the energy of the mechanical mixture of AR and BR end members is subtracted from the energy of the solid solution. Assuming pairwise additivity and extending the summation up to the nth distance within the supercell, the excess enthalpy can be written as
where H ss is the enthalpy of a solid solution phase with the composition x i = P i , H mm is the enthalpy of the mechanical mixture of the end members, N is the number of the exchangeable sites in the supercell, P ij͑n͒ is the probability of finding an ij pair at the nth distance in the supercell, H ij͑n͒ is the interaction energy between atoms i and j, and Z n is the coordination number ͑the number of neighbors at the nth distance͒. The enthalpy of the mechanical mixture is represented with AA and BB pairs only which occur with the probabilities ͑fractions͒ P A and P B , respectively. Noting that the point probabilities P i can be written as sums of the pair probabilities, P A = P AB͑n͒ + P AA͑n͒ and P B = P BA͑n͒ + P BB͑n͒ , Eq. ͑1͒ can be rewritten as follows:
where
is the effective pair interaction at the distance n. It is convenient to rewrite Eq. ͑2͒ in the form
where f AB͑n͒ is one half of the number of AB pairs at the nth distance within the supercell. This formula has been employed extensively in many recent studies of order/disorder and mixing phenomena in minerals. [14] [15] [16] [17] [18] [19] [20] [21] [22] [23] [24] 29, 30 The J's were calculated with the leastsquares method from the static lattice energies and f AB͑n͒ numbers of a large set of supercell structures. Equation ͑4͒ was subsequently used to calculate temperature-dependent mixing properties with the Monte Carlo method. It has been recognized, however, that since the numbers of AB pairs are symmetric with respect to swapping A and B symbols, the predicted excess enthalpy is always a symmetric function with respect to x = 0.5 as long as the J's are composition independent. Several studies 20, 21, 23, 24 have shown that the accuracy of Eq. ͑4͒ for fitting the static lattice energies can be significantly improved by adding to Eq. ͑4͒ a configurationindependent term,
where x i 's are the mole fractions of the end members 1 and 2 and A i 's are parameters. The addition of this term is supported by the analysis of Ferreira et al., 31 who showed that in solid solutions with size mismatch, ⌬H 0 can be associated with the global strain that is caused by a homogeneous deformation of the lattices of the end members due to the mixing.
In a recent study of the calcite-magnesite system 23 the J and A parameters were determined by a least-squares method from the energies of about 800 randomly generated supercell structures. Although the experimental phase relations were successfully reproduced, the model 23 had several drawbacks. First, the set of the supercell structures was prepared by random swaps starting from the ordered compounds with a dolomite-type ordering pattern. This choice implied prior knowledge of the type of ordering in the system. Second, the A's and the J's were determined from the results of the leastsquares fit. Within this procedure the separation of the configuration-dependent and -independent parts of the excess enthalpy cannot be done accurately because the symmetric part of the global strain overlaps with the J's expansion and thus the A i parameters correlate severely with the values of the J's. The approach presented below avoids these inconveniences.
III. DOUBLE-DEFECT METHOD
It is easy to design a computational experiment which allows evaluation of the effective pair interaction at a given distance in the limit of infinite dilution. Let us consider AB, BA, AA, and BB pairs placed at the nth distance within the matrix of the pure "A" end member. In this case the differences in the enthalpies of the supercells of the same size containing AB, BA, AA, and BB pairs will be the same as the differences between H AB͑n͒ , H BA͑n͒ , H AA͑n͒ , and H BB͑n͒ terms of Eq. ͑3͒. One can also note that the A atoms, which belong to the pairs, will be indistinguishable from the A atoms of the matrix. Hence, the AA pair will disappear, while the AB and BA pairs will reduce to single B-type defects within the A matrix. This means that in the diluted limit of the end member A, the J can be computed as the difference in total energies of sufficiently large supercells with single, double, and no B defects. Rescaling the enthalpies relative to the enthalpy of the supercell of pure A end member, one obtains
where J A͑n͒ is the pair ECI at the distance n in the limit of pure A, and ⌬H B and ⌬H BB͑n͒ are the excess enthalpies of the supercells with single B and double BB defects, respectively. Similarly, in the B limit
has been used to calculate interactions between impurity pairs in various metals and to predict solubility limits for various alloying components in metals. [25] [26] [27] Here we investigate the possibility of using this method to predict thermodynamic mixing behavior in a concentrated solid solution. Let us consider a 3 ϫ 3 ϫ 1 supercell of R3c calcite ͑a = 14.964 Å, c = 17.061 Å͒ containing 54 exchangeable sites. The first two configurations are constructed from the pure end members by substituting one Ca in calcite with Mg and one Mg in magnesite with Ca. The other configurations are generated by adding a second defect at all possible distances around the first defect. This results in two series of configurations with Mg-Mg and Ca-Ca defects each comprising 11 structures, respectively. The enthalpies of the double-defect structures vary with the distance between the impurity atoms. Each of these structures is characterized with a unique set of numbers of AB ͑Ca-Mg͒ pairs. These numbers are given in Table I . An important feature of Table  I is that nearly all numbers of AB pairs of the configurations with the double defects are equal to twice the corresponding numbers of the configurations with the single defect. This is so because the number of dissimilar AB pairs generated by two defects is generally twice the number of AB's generated by a single defect. The only exceptions are the AB numbers which correspond to the distances at which the double defects are inserted. These "exceptional" numbers ͑the values in bold͒ occur along the diagonal direction of Table I . Due to the periodic boundary conditions, the insertion of a double defect generates D n AA or BB pairs, where D n is the degeneracy factor. The degeneracy is calculated by counting the number of symmetry-related pairs between the first defect and all translational variants of the second defect. Thus the exceptional AB numbers are smaller than twice the AB numbers of a single-defect structure by J n times D n . This means that in the case of periodic boundary conditions, Eq. ͑6͒ should be written as follows:
where D n is the degeneracy. The last equation and its analog for the B limit can be now used to calculate the J's in the calcite-magnesite system. To calculate the enthalpies of the single-and double-defect structures, we used the force-field model of Austen et al. 28 and the program GULP. 32, 33 The excess enthalpies and the J's are given in Table II . The two sets of the J's correspond to the defects Mg͑B͒ in calcite and the defects Ca͑A͒ in magnesite.
The relationship between the excess enthalpies of the double-defect structures and the defect-defect distance is shown in Fig. 1 . The excess enthalpies converge to a value which is close to twice the excess enthalpy of a single defect. Consequently, the J's converge with the defect separation to near zero value. This is consistent with the expectation that at a large distance the ordering interaction between two defects vanishes.
The two sets of the J's characterize the pair ECIs at two extremes along the composition axis. The variation in the J's at intermediate compositions is not known. However, in a system with size mismatch, referring to the analysis of Ferreira et al., 31 one expects that the excess enthalpy in the high-temperature limit should be consistent with the subregular model, so that the total excess effect could be fitted with an equation similar to Eq. ͑4͒. Such a behavior is consistent with a linear dependence of the J's on the composition:
Although alloy theories suggest more complex functional dependences of ECIs on the composition, 5, 34 we think that the simplest assumption of a linear behavior could be sufficient in cases when the values of J A͑n͒ and J B͑n͒ are very similar. This is indeed the case for the calcite-magnesite solid solution ͑Fig. 2͒.
IV. PRACTICAL IMPLEMENTATION OF THE DDM
The derivation given above suggests that the J's calculated with Eqs. ͑8͒ and ͑9͒ after substitution into Eq. ͑4͒ should reproduce the excess enthalpies of the double and single defects. In contrast to this expectation such a test shows that the recalculated excess enthalpies differ considerably from the initial ones, which have been calculated directly from the force-field model. However, we note that when the single-defect enthalpy in Eq. ͑8͒ is allowed to deviate from the computed value and is treated as a fitting parameter instead, nearly perfect agreement with the initial enthalpies is achieved easily. Therefore, this test suggests that the enthalpies of the double-defect structures converge to a value, which is very close, but not exactly equal, to twice the enthalpy of a single-defect structure. It is clear that the enthalpies of the double-defect structures converge to the enthalpy of a structure with two noninteracting defects. Such a hypothetic structure should have the same composition as the other double-defect structures, i.e., two defects per supercell. Equation ͑8͒ assumes that the excess enthalpy of this structure is equal to twice the excess enthalpy of the structure with a single defect. Although this is correct in the case of an infinitely large supercell ͑Henry's law͒, practically, we are dealing with rather small supercells, in which the excess enthalpy is not linearly proportional to the composition. Therefore, Eq. ͑8͒ is slightly inaccurate. In order to achieve the consistency, the enthalpy of the single-defect structure should be adjusted so that twice this value gives the enthalpy of a hypothetical structure with two noninteracting defects. Following this idea the DDM recipe is reformulated as follows:
where ⌬H BB͑ϱ͒ is a single parameter for all the J's corresponding to defects of BB type. When the J's are calculated at two contrasting compositions ͑in the A and B limits͒, two parameters are needed. These parameters can be found by substituting the J's calculated with Eq. ͑10͒ into Eqs. ͑9͒ and ͑4͒ and by fitting to the known excess enthalpies and f AB͑n͒ numbers of the single-and double-defect structures. The fitted ⌬H BB͑ϱ͒ and ⌬H AA͑ϱ͒ values together with the corresponding values of the J's are listed in column 7 of Table II and plotted in Fig. 2 . The comparison of columns 4 and 5 of Table II shows that the excess enthalpies of double-defect structures can be fitted very accurately using these two adjustable parameters. It is important to note that Eq. ͑10͒ can be applied not only to the excess enthalpies of double-defect structures, but also to their absolute enthalpies. The meaning and the value of the adjustable parameter will change accordingly. Its optimized value will be then close to twice the absolute enthalpy of a single-defect structure.
V. ENTHALPY IN THE HIGH-TEMPERATURE LIMIT
When the J's are known, the enthalpy of mixing in the high-temperature limit can be straightforwardly calculated with Eq. ͑2͒. Since the atomic distribution is purely random, the probabilities of AB pairs in Eq. ͑2͒ can be substituted with the product P A P B = P A ͑1− P A ͒. Since the J's vary with composition, the high-temperature enthalpy is asymmetric with respect to x = 0.5. This asymmetric function can be visualized as a linear interpolation between two symmetric functions of different amplitudes which result from using J A͑n͒ or J B͑n͒ ͑Fig. 3͒. One observes that the high-temperature enthalpy passes nearly exactly through the excess enthalpies of the two structures with single defects. This is not a coincidence. The probability of finding an AB pair in a structure with a single A defect is P A P B/A = P A . This holds because the conditional probability P B/A ͑the probability of finding B atom at a given distance from an A atom͒ is equal to 1. Since in the diluted composition limit
the high-temperature enthalpy is bound to pass almost exactly through the excess enthalpy of the single-defect structure. Thus, as it was already shown by Sluiter and Kawazoe, 35 the high-temperature enthalpy can be predicted from the excess enthalpies of just two single defects. The predicted type of asymmetry with the maximum shifted to magnesite-rich compositions is consistent with the shape of the phase diagram of the calcite-magnesite system, 36 which shows that the miscibility gap at magnesite-rich compositions is wider than the gap at calcite-rich compositions.
VI. MONTE CARLO SIMULATIONS
Fast convergence of the ECIs as a function of interatomic separation ͑Fig. 2͒ suggests that Eq. ͑4͒ is applicable for calculation of excess enthalpies in a much larger supercell.
Here we employ a 12ϫ 12ϫ 3 supercell which contains 2592 exchangeable atoms. The previous study 23 has shown that supercells of this size already approach the thermodynamic limit. It has been shown that the thermodynamic averages calculated for 12ϫ 12ϫ 3 and 16ϫ 16ϫ 4 supercells are practically indistinguishable. Canonical Monte Carlo simulations were performed with the composition-dependent J's on a grid of 54 compositions between calcite and magnesite and 21 temperatures between 500 and 2500 K. To achieve equilibrium 15ϫ 10 9 Monte Carlo steps were used and another 15ϫ 10 9 steps were used to calculate averages. The results of the simulations are shown in Fig. 4 .
VII. THERMODYNAMIC INTEGRATION
The configurational free energy can be calculated from Monte-Carlo-averaged excess enthalpies via a integration: 37, 38 ⌬G 0 is the free energy of mixing of an ͑A,B͒R solid solution with completely random distribution of A and B atoms, which can be calculated theoretically:
where ⌬H 0 is the enthalpy of mixing in the limit of complete disorder and ⌬H is the average enthalpy of the system in a state with a nonequilibrium intermediate degree of chemical disorder, ; 0ϽϽ1. The state = 1 corresponds to an equilibrated system at a given temperature, while the states with Ͻ1 correspond to an artificial disorder that is introduced on top of the equilibrium disorder at the same temperature. This artificial disorder is simulated by scaling the J's according to the equation J n = J n . In our simulations, was gradually increased from 0 to 1 with a step size of 0.04. The integral describes the change in free energy of a system at a fixed temperature from the state with zero ordering energy ͑ =0͒ to its equilibrium state determined with the nominal values of the J's ͑ =1͒. The free-energy isotherms are plotted in Fig. 5 . Configurational entropy isotherms were calculated with
and are plotted in Fig. 6 . The remarkable feature of the lowtemperature isotherms is the sharp minimum at x = 0.5 that is caused by dolomite-type ordering. The temperature dependence of the long-range-order ͑LRO͒ parameter at x = 0.5 has been investigated with the Monte Carlo simulation ͑Fig. 7͒. The LRO parameter is defined as
where P A␣ = P A ͑1+Q͒ and P A␤ = P A ͑1−Q͒ are the probabilities of finding an A ͑Ca͒ atom in the nonequivalent sublattices ␣ and ␤ of the dolomite structure. Equation ͑15͒ cannot be directly applied for calculating the order parameter. The problem is that the ordering pattern fluctuates from Q to −Q during the simulation. Thus the site occupancies calculated over a long simulation run are equal to the concentration of A in the Monte Carlo supercell. Therefore, the value of Q at a given temperature was evaluated from the probability ͑oc-currence frequency͒ of A-A pairs at the maximum separation ͑25.59 Å along the c axis͒ permitted by 12ϫ 12ϫ 3 supercell. Since short-range order at such a large distance is practically absent, the probability of A-A ͑Ca-Ca͒ pairs can be evaluated as the product of the instantaneous occurrence frequencies of A ͑Ca͒ within the sublattices:
where P A = 0.5. The temperature of the order/disorder R3c / R3 transition of 1475Ϯ 25 K is close to the experimental value 39 of 1398Ϯ 25 K. 
VIII. PHASE DIAGRAM
The free energies of mixing were converted to a phase diagram by comparing the free energy at each composition x i along an isotherm to the free energy of a mechanical mixture x j + x k . If there is a pair of compositions x j + x k that has lower free energy, the solution with composition x i is unstable or metastable. The two miscibility gaps were thus outlined. The predicted shape of the phase diagram ͑Fig. 8͒ is the consequence of the large negative excess enthalpy of the ordered intermediate compound R3, dolomite. The predicted excess enthalpy of −3.79 kJ/ mol is in good agreement with the experimental value, 41 −5.74Ϯ 0.25 kJ/ mol, and with the result of a DFT calculation using the VASP code, −3.66 kJ/ mol. 10 The calculated phase relations are in good agreement with the experimental data. 40, 42 
IX. DISCUSSION AND CONCLUSIONS
The predicted phase relations in the calcite-magnesite system are very much consistent with those obtained in the previous simulation study 23 based on the random sampling approach. This shows that the DDM is able to produce results of comparable accuracy by sampling a much smaller set of the supercell structures. Moreover, the intermediate dolomite phase is predicted without any preliminary knowledge of the type of ordering in the system. The correct asymmetry of phase diagram is modeled solely based on the predicted pairwise interactions, without an addition of a configurationindependent term. This means that the pairwise interactions, which are responsible for ordering at intermediate compositions, can be, in fact, predicted from the excess enthalpies of the structures whose compositions approach the diluted limits. Therefore, in cases where the interatomic interactions are well described with the pairwise terms, the sampling of the intermediate composition range is not necessary. Since the structures with the double defects can be easily enumerated and since the number of such structures is very limited, there appears the possibility of predicting mixing properties of isostructural solid solutions solely on the basis of firstprinciples calculations. The method appears to be especially attractive for systems such as garnets, where the unit cell is intrinsically large due to the presence of extra elements not involved in mixing. The DDM permits then to select the minimum number of the basis structures needed for the development of the model of mixing.
The DDM approach is based on the assumption that many-body interactions can be ignored. This condition seems to be fulfilled in solid solutions in which interatomic interactions are mediated by extra inactive structural units such as CO 3 2− in carbonates and SiO 4 4− in silicates. The common experience of mineralogists suggests that interatomic interactions in such systems can be accurately described with centrally symmetric cation-anion and angle-dependent cation-anion-cation potentials. [43] [44] [45] The specific cation-cation interactions are modeled as purely electrostatic. Thus it is not surprising that the pairwise ECI are sufficient for the description of the cation order in the carbonates. However, the DDM might not work in alloys, where many-body interactions cannot be neglected. 46 For example, the study of Asato et al. 27 showed that the prediction of solubility limits in Rd-Pd alloy is significantly improved when three-and fourbody interactions are taken into account. In such cases the double-defect approach could be extended to include triple or quadruple defects as it was outlined by Asato et al. 27 The number of such structures rapidly increases with the system size, however. 
